We present calculated fission-barrier heights for 5239 nuclides, for all nuclei between the proton and neutron drip lines with 171 ≤ A ≤ 330. The barriers are calculated in the macroscopicmicroscopic finite-range liquid-drop model (FRLDM) with a 2002 set of macroscopic-model parameters. The saddle-point energies are determined from potential-energy surfaces based on more than five million different shapes, defined by five deformation parameters in the threequadratic-surface shape parameterization: elongation, neck diameter, left-fragment spheroidal deformation, right-fragment spheroidal deformation, and nascent-fragment mass asymmetry. The energy of the ground state is determined by calculating the lowest-energy configuration in both the Nilsson perturbed-spheroid (ǫ) and in the spherical-harmonic (β) parameterizations, including axially asymmetric deformations. The lower of the two results (correcting for zero-point motion) is defined as the ground-state energy. The effect of axial asymmetry on the inner barrier peak is calculated in the (ǫ, γ) parameterization. We have earlier benchmarked our calculated barrier heights to experimentally extracted barrier parameters and found average agreement to about one MeV for known data across the nuclear chart. Here we do additional benchmarks and investigate the qualitative, and when possible, quantitative agreement and/or consistency with data on β-delayed fission, isotope generation along prompt-neutron-capture chains in nuclear-weapons tests, and superheavy-element stability. These studies all indicate that the model is realistic at considerable distances in Z and N from the region of nuclei where its parameters were determined. 
I. INTRODUCTION
In actinide fission a nucleus typically evolves from a single nucleus in its deformed ground state to two separated fragments: one large roughly spherical fragment with nucleon number A ≈ 140 and a smaller deformed fragment with the remainder of the nucleons. In Ref. [1] we presented calculations of fission potential-energy surfaces and associated barrier heights for 1585 nuclei, and some conclusions based on these studies. We now extend the study and tabulate barriers for 5239 nuclides in the region 171 ≤ A ≤ 330 for all nuclei between the proton and neutron drip lines. All aspects of the calculations are identical to those presented in Ref. [1] where full details are given. However, we review both some important ingredients and features of our approach and how it is positioned with respect to other fission-barrier calculations. An overview of the results is presented in Figs. 1 and 2 .
We have previously made the case that to study the nuclear potential energy during the shape evolution in fission and to allow the nucleus freedom to evolve into fragments with different shapes and into different fragment mass divisions, it is necessary to calculate the nuclear potential energy as a function of, at a minimum, five shape Pb 126 targets leading to superheavy elements, we use 35 grid points in the asymmetry coordinate [1] . In the elongation coordinate Q 2 we use 45 grid points; in the remaining three deformation coordinates, 15 in each. This leads to more than 5 000 000 shapes. It should be obvious, but is perhaps not immediately intuitively clear that the consequence is large data storage needs. If the energies for each shape for each of the about 5000 nuclei is stored as a 10 digit number this means that the total data storage space needed is 5 000 000 × 10 × 5 000 = 2.5 × 10 11 bytes, that is 250 Gb of storage. When we started this type of calculation based on millions of shapes in 1999, [3] , this was indeed a problem; now it is not.
II. OTHER FISSION POTENTIAL-ENERGY CALCULATIONS
In most previous fission studies various schemes were employed to avoid calculating a complete "hypercube" in all the deformation variables considered. Such complete calculations were impractical until computer performance had evolved sufficiently, roughly achieved around 1995-2000. In macroscopic-microscopic calculations it was the norm to plot energies versus two shape variables, for example β 2 and β 3 (quadrupole and octupole deformations) and "minimize" the potential energy with respect to additional multipoles; typical examples are Refs. [8, 9] . Although such approaches intuitively seem promising, there are significant concerns about the uniqueness and stability of such results. First, when minimizations are carried out at a specific location (β 2 , β 3 ), what are the starting values of the additional shape variables over which the minimization is carried out? A trivial suggestion is that the values obtained for a previous point be used, but which is the "previous point" will depend upon the sequence in which the grid points are considered. It is easy to visualize a surface, even in two dimensions, for which a different result may be found by approaching a particular point from opposite directions. Another strategy could be that the minimizations are started at the value zero of the additional variables at each point (β 2 , β 3 ), but these approaches would miss possible multiple deformed minima. And, even if found, it would be impossible to display multiple minima versus the "hidden" shape variables in a two-dimensional contour plot. Furthermore, none of these methods, which only access a limited part of the higher dimensional space, are guaranteed to find the true saddle points with reasonable accuracy. In some cases, the saddle solutions will be correct, but there is no way to mathematically evaluate the possible errors inside the model framework itself. In many of these minimization studies points that seem near each other in the two-dimensional (β 2 , β 3 ) plots are actually Calculated Fission-Barrier Height (MeV) 3 quite distant in the higher-dimensional space. This is often manifested as strong discontinuities appearing in published potential-energy contour diagrams or plots of energy surfaces. Despite these known deficiencies, these methods are still in routine use today [10] . However, very recently other groups previously employing such approximations have come to the conclusion that the minimization method is deficient, not just in principle but also in practice. In one recent macroscopic-microscopic model study, the calculations were carried out for complete multidimensional "hypercubes" and confirmed that the immersion methods we employ are crucial to avoiding spurious results from the use of minimization. It is stated directly "This shows that the minimization is an uncertain method of the search for saddles . . . " in the summary conclusions [11] . This study also directly contradicts large axial asymmetry effects found at fission saddle points with essentially the same macroscopic-microscopic model by use of minimization in Ref. [10] .
Currently, the main alternative approach to macroscopic-microscopic calculations of fission-barrier potential-energy surfaces and saddle points is the constrained Hartree-Fock method introduced in 1973 [12] . Those authors state "One of the advantages of this type of calculation is that deformation energy curves can be calculated without making a complete map of the deformation energy surface". Another comment that is often made in connection with determining fission saddle points is that "constrained selfconsistent methods automatically take all higher shape degrees of freedom into account". However, these statements are misleading. Imposing shape constraints in selfconsistent methods is mathematically equivalent to the use of minimization techniques in macroscopic-microscopic methods, which we, and now other groups, have demonstrated are flawed. A detailed discussion is in Ref. [1] . A very transparent discussion coming from outside the field of nuclear physics is in Ref. [13] . The example used there is the determination of the Continental Divide in the United States, but the problem is essentially identical to that of finding saddle points in potential-energy surfaces, although easier to visualize because geographical To the left the calculations trace the energy for a single, joined shape configuration, from oblate shapes through the spherical shape at r = 0.75 to the touching configuration at r = 1.52; to the right the calculations give the energy for separated spherical nuclei beyond the touching point. The continuous path through five-dimensional space from the ground state to the touching configuration is arbitrary; the key point is that the limiting shapes when approaching the line of touching from the left and right are identical, namely spherical 78 Zn and 208 Hg in contact. At a specific value of r all curves are calculated for the same shape. To obtain continuity of the macroscopic energy at touching, a crucial feature in realistic models, it is essential that various model terms depend appropriately on nuclear shape, as is the case for the curves (a). The slight remaining discontinuity in the total fusion energy curve (solid line) arises because the Fermi surfaces of the nuclei readjust at contact, and because pairing and spin-orbit strength parameters also undergo small discontinuous changes there. This figure and caption are adapted from Ref. [2] topography is studied in 2D spaces only.
It has been suggested that when constrained HF or HFB calculations are presented, for example as twodimensional contour maps a necessary condition to impose on the results is that the spatial overlap between the wave-functions for neighboring grid points in the contour plot should be large. If there exist neighbor points that do not fulfill a required overlap criterion, then one would need to go from 2 to 3 constraints, or in the general case add one additional constraint and again impose the continuity check [14] . But even if the potential energy obtained with two constraints corresponds to a continuous variation of the densities, it is by no means certain a saddle point on this surface is a good approximation to the real (lowest) saddle point, see for example the discussion of figure 5 in Ref. [1] . Based on these observations of problems with existing alternative methods and the evidence from our multitude of benchmarks, see below, we feel that the approach we use is the most accurate currently available for large-scale calculations of databases of various fission-barrier properties.
III. SUMMARY OF ESSENTIAL MODEL FEATURES
In the macroscopic-microscopic model the energy for a specific, prescribed nuclear shape is calculated as a sum of a macroscopic energy and a microscopic shell-plus pairing correction. In the community, several different models are used for the macroscopic and the microscopic parts. For example, the microscopic part can be based on a modified-oscillator (Nilsson) single-particle potential [15, 16] , a Woods-Saxon single-particle potential [17] , a folded-Yukawa single-particle potential [18] , and others. We use what we have called the finite-range liquiddrop model (FRLDM) [19] for the macroscopic part and the folded-Yukawa single-particle model as the starting point for the microscopic part. When we refer to the full macroscopic-microscopic model, we for brevity use the notation FRLDM when the macroscopic part is the finiterange liquid-drop model and FRDM when the macroscopic part is based on the finite-range droplet model; we do not use the latter in our fission-barrier calculations, for reasons we explain below.
A. Macroscopic model
For the macroscopic energy we use the finite-range liquid-drop model (FRLDM). Briefly stated, it is based on a standard shape-dependent "liquid-drop" model [20, 21] , which is enhanced to take the finite range of the nuclear force [19] and the diffuseness of the charge distribution [22] into account. In the original liquid-drop model, the surface energy is strictly proportional to the surface area of the nucleus [23] . For shapes with welldeveloped small-radius necks, this leads to too high a surface-energy contribution to the macroscopic energy in the neck region. For such shapes the finite range of the attractive nuclear force may be thought of as reaching across the neck region to nucleons on the opposite side of the neck, leading to a reduction of the surface energy. The effect is also important in calculations of heavyion interaction barriers and even for some ground-state shapes containing higher-multipole components. An indepth presentation of the model and discussions of these issues are found in Refs. [7, 19, 22] .
When fission was discovered [24] , it was realized that the observations could be interpreted in terms of a macroscopic, deformable liquid-drop model [25, 26] . Bohr and Wheeler very soon afterward presented a quantitative description of the shape dependence of the surface and Coulomb energies in terms of Taylor expansions and obtained the systematics of fission-barrier heights for nuclei throughout the periodic system [23] .
To model nuclear masses more accurately than was possible with the original liquid-drop model, or semiempirical mass model [27] , phenomenological shell corrections with adjustable parameters were often added to the macroscopic expression. In these studies it was observed that in addition to a strong contribution from microscopic effects at and near magic numbers, it was necessary to account for the extra binding that was observed for nuclei with equal or nearly equal proton and neutron numbers [20] . One commonly used form for this "Wigner energy", which we use, is
where for the Wigner constant W , we use the value 30 MeV. In nuclear mass models this term was customarily included without a shape dependence. For a 236 U nucleus this contribution to the nuclear potential energy is 6.6 MeV. However, if we use the model to describe the highly-deformed shapes in fission near the transition from a single shape to two fragments, it is relevant to ask if this shape-independent formulation makes sense. For example, for the simple case of two touching spheres we would hope to get the same calculated energy if we consider the system as one very deformed single shape, or as two separate touching nuclei. Clearly, if we consider any division of the original nuclear system with proton and neutron numbers Z comp and N comp into two fragments (1) and (2) with proton and neutron numbers Z 1 , N 1 , Z 2 , and N 2 while preserving neutron-proton asymmetry, that is
where α is a fractional number in the range 0-1, then there will be a Wigner energy contribution E W = 6.6 MeV to each of the touching nuclei. Thus for the touching configuration there will be a difference 6.6 MeV in calculated potential energy if it is treated as a scission configuration or as two touching nuclei. Obviously, for the touching configuration one would also need to take into account the interaction energies between the two nuclei. After doing this, to avoid this 6.6 MeV remaining discontinuity, it is necessary to introduce a shape dependence for the Wigner energy, so that
where the shape-dependent function B W evolves continuously from B W = 1 for a shape with no discernible neck to B W = 2 as the shape evolves into separated fragments. These issues are further discussed in [28] where the exact expression we use for the deformation dependence of B W is given. The specific functional form for this dependence is not derived, but is arbitrarily defined to smoothly transition from a value of 1 to a value of 2 as a function of the developing neck. Similar considerations show that it is necessary to introduce a shape dependence for the constant, "a o A 0 term", that occurs in the FRLDM. The FRLDM used in our calculations is completely specified in [7] in section 3.5, except that the above shape dependencies were not introduced. Thus the constant and Wigner terms in Eq. (62) in [7] are generalized to E macr (Z, N, shape) = . . .
and N odd and equal 0 , otherwise
Potential-energy calculations without and with these shape-dependencies are shown in Fig. 3 . The slight discontinuity in the "Total fusion" curve is mainly due to the equalization of the Fermi surfaces of the two colliding nuclei that occurs after contact. Because, in our studies since the year 1999, we have calculated fission potential-energy surfaces for several million deformation-grid points, this has systematically lowered all calculated fission saddle-point energies compared to those calculated previously using a much smaller space of shapes. The macroscopic-model constants thus had to be readjusted by a simultaneous fit to experimental barrier heights and ground-state masses, leading to different macroscopic parameters from those in [7] , referred to as FRLDM (1992) . We now use the constants FRLDM(2002), given in Ref. [2] .
We emphasize that in nuclear mass calculations we obtain the most accurate results by use of the finite-range droplet model (FRDM). This model is a combination of the FRLDM and the droplet model [29] , which allows, at a macroscopic level, calculation of effects of Coulomb redistribution (some charge is pushed from the center toward the surface) and other related effects. These effects lead to about a 15% improvement in mass-model accuracy. But the droplet model enhancement introduces many terms that are derived as expansions in terms of small deformations around a spherical shape. It is therefore not possible to take it to large deformations and make a continuous energy transition at scission to separated shapes using this macroscopic model. Therefore it can not be used in calculations of fission potential-energy surfaces. In our study of masses in Ref. [7] we actually performed a limited calculation of fission-barrier heights in the FRDM and the model parameters were determined by adjusting to a weighted sum of masses and barrier heights. At that time the barrier saddle points were determined from a 1973 calculation [30, 31] in a threedimensional space containing only 175 different shapes. The saddle shapes obtained in this calculation did not exhibit obvious neck indentations (and as we now realize were not very realistic [3, 4] ) so we did not address the issue that the droplet model and the FRDM become increasingly inaccurate at large deformations. This is why we now in fission calculations use only the FRLDM.
B. Microscopic model
The shell-plus-pairing corrections are calculated by use of Strutinsky's method from single-particle levels in a folded-Yukawa potential. The single-particle potential is almost unchanged since 1973 [18, 32] , except that in 1980, to permit application to the whole nuclear chart, we let the neutron and proton spin-orbit strengths depend weakly on the nucleon number A [33] . The shellplus-pairing corrections are calculated as described in [18] with the following enhancements. First, to avoid the wellknown collapses of the BCS method, we now use a LipkinNogami pairing model implemented as explained in detail in [34] . Again, imposing continuity at scission required that some constants of the Strutinsky and pairing models depend on deformation, which is discussed in detail in [7, 28] . Full details of the current implementation of the microscopic model are given in Ref. [7] , including values of all its constants and various shape dependencies, if any.
C. Deformation grid
Although many of the essential features of the macroscopic-microscopic model were developed up to 40 years ago, it is the continuous increase in computer power that has made it possible to exploit its full potential. In calculations 40 years ago, theoretical studies of mass asymmetry in fission had to be based on potential-energy surfaces calculated for only for a very few shapes: for example versus two independent deformation coordinates for 20 shapes in an early (1970) study [35] versus 3 independent shape coordinates for 175 shapes in 1973 [30] . The 1973 calculation took about 30 hours on a CDC 6600, at Los Alamos Scientific Laboratory, a computer shared by hundreds of researchers. Both these (and other) calculations obtained mass-asymmetric outer saddle points but beyond the outer saddles the potentialenergy contour plots developed the deepest "valley" for shapes corresponding to symmetric divisions, in apparent contradiction to experimentally observed asymmetric fragment splits. These results were dismissed by comments like "valleys are not invariant under coordinate transformation" [30] (an observation originally emphasized by Wilets [36] ) or, that dynamics determined the final outcome. However, the asymmetry in actinide fission was almost since its discovery explained in a hand-waving fashion as due to a preference of the system to divide into one fragment as close as possible to the spherical, doubly-magic 132 Sn nucleus and a remainder, a smaller, deformed fragment. Thus, to permit the potential energy to contain all deformation features related to such divisions one needs to calculate the potential, as stated previously, versus at least five shape degrees of freedom: elongation, neck radius, the two nascent-fragment shapes, and mass asymmetry. In the three-quadraticsurface parameterization one can by suitable manipulations of the expressions involved, see Ref. [1] , use these variables, which have an obvious intuitive interpretation, to specify the deformation grid. Also, in this grid the five different shape coordinates are, loosely speaking, nearly orthogonal, which permits a quick, intuitive interpretation of the calculated 5-dimensional potential-energy surfaces. Recently we have also shown that calculations of fission-fragment yields based on a simple "random walk" in this 5D space and the Metropolis algorithm gives excellent agreement with experimental data [37] [38] [39] . This suggests two conclusions. First, the coordinate choice and spacing is quite consistent with intuitive interpretations; otherwise it would not have been possible to interpret in a straightforward fashion the features of the potential-energy surface in terms of symmetric and asymmetric valleys, different saddle points leading into these different valleys, and ridges in between [1, 6] , nor would the Metropolis algorithm have given as realistic results as it now does. Second, we can conclude, because the yield calculations reproduce the substantial differences between the 236 U and 240 Pu yields [37] that the calculated potential energy is realistic also beyond the outer saddle points, which had not been clearly established earlier, although some hints had been seen in calculations of the most-probable mass divisions [6] . The algebra that is involved in taking the above intuitive coordinate concepts into the actual expressions that in the three-quadraticsurface parameterization generate these shapes is rather tedious and we therefore direct the reader to Ref. [1] for details.
Axially asymmetric deformations are also investigated, but these studies are limited to the ground state and the inner-barrier saddle point. Since the three-quadraticsurface shapes are not able to generate optimal groundstate shapes for some nuclei we have furthermore calculated ground-state energies in the ǫ and β parameterizations. Again, the precise definitions of the deformation grids in these three additional potential-energy calculations are given in Ref. [1] , where also details on how the barrier heights are extracted based on the combined information contained in these four complementary potential-energy surfaces are given.
IV. RESULTS
We have calculated barrier heights B f for 5239 nuclides exactly as described in Ref. [1] and references cited therein. We have summarized the model features in the section above, in particular facts and features that might be somewhat time consuming to trace in a quick scan of the references. The barriers are tabulated in Table I .
The fission-barrier properties of our model have previously been benchmarked with respect to known data for nuclides near β-stability. We have shown that we reproduce the outer barrier peak height for 31 nuclides from [2] . We have also compared calculated actinide inner and outer barrier heights as well as the height of the fissionisomer minimum to barrier parameters extracted from various types of experimental data, often cross sections as functions of energy for neutron-induced fission [1] . In this context we observe that the "experimental" barrier parameters are not as directly measured data as, for example, nuclear masses are in some experiments. The "experimental" barrier parameters are numbers occurring in models of experimental cross sections. Moreover, these models almost always assume one-dimensional barriers whereas our barrier parameters refer to saddles and minima in five-dimensional deformation spaces. Further complicating the situation is that different evaluations (of different sets of experimental data, and/or just using different cross-section models) often lead to different results for the extracted barrier parameters. For example Blons and collaborators [40] consistently find that the so called "third minima" of some light actinide nuclei are very shallow and no more than 0.5 MeV or so below the surrounding second and third barrier peaks, which are about 6 MeV above the ground-state minimum, in good agreement with results obtained in our current model [41] . In contrast, Csige and collaborators [42] [43] [44] find third minima for nuclei in this region that are up to 3 MeV below the surrounding peaks. We find it difficult to reconcile with potential-energy calculations the substantial difference in barrier structure they find between The dotted line is the macroscopic "liquid-drop" energy along a specified path; the solid line is the total macroscopic-microscopic energy along a partially different shape sequence. So that the various energy concepts can be illustrated, the shapes for which the energies have been calculated are: At Q2 = 0 the energies are calculated for a spherical shape. For the shapes from the sphere to the ground-state shape, the shapes are the same for both curves and chosen so that they evolve continuously from the sphere to the calculated macroscopic-microscopic ground-state shape. From the ground state towards larger deformations the total-energy curve is along the optimal fission path that includes all minima and saddle points identified along this path in the five-dimensional deformation space; the liquid-drop-energy curve joins smoothly the macroscopic energy for the shape at the macroscopic-microscopic ground-state (which is not the lowest macroscopic energy at this value of Q2) to the liquid-drop-model saddle point. The energies are calculated for 232 Th. Some important shapes are also shown.
calculations with respect to barrier parameters derived from analysis of experimental cross sections, rather than relying on a calculation of an rms deviation between our model calculations and model-dependent "experimental" barrier parameters with inherently similar levels of uncertainty. Such quantitative indicators are easy to misuse for a spurious sense of precision. Barrier heights have also been estimated from electroncapture (EC) delayed fission data; for some recent discussions see [1, 45, 46] . In EC-delayed fission, daughter states up to the electron-capture Q-value Q EC are populated. However phase-space properties result in daughter population probabilities that are roughly proportional to (Q EC − E * ) 5 where E * is the excitation energy above the ground state in the daughter. Therefore the decay intensities to sufficiently high energies so that EC-delayed fission occurs are usually low. For EC-delayed fission to be observable a rough rule of thumb is that
Saddle-Energy Difference We show in Fig. 34 and Table V in Ref. [1] the degree to which our calculated masses and fission-barrier heights satisfy this empirical "rule." With the possible exceptions of a couple of nuclei near N = 150, all the observed cases of EC-delayed fission are consistent with our model values. As discussed in Ref. [1] , this exception probably occurs because the calculated N = 150 neutron gap in the single-particle spectrum in our model is somewhat too large, resulting in too low ground-state energies and slightly too high barriers. But in general the relation is well fulfilled in this comparison, which tests the model far from stability, towards the proton-rich side, across the wide region 80 ≤ Z ≤ 99 and 100 ≤ N ≤ 150.
Calculated barrier heights for 3282 nuclides in the heaviest region are plotted in Fig. 1 . Above Z ≈ 100 the macroscopic contribution to the fission barrier is very low. Therefore survival with respect to spontaneous fission (SF) and the high barriers that are the reason for the long SF half-lives are mainly due to negative ground-state microscopic corrections [47, 48] , which can be substantial in some localized regions. We observe such localized regions of high fission barriers in the vicinity of Hs 162 , and in the superheavy-element (SHE) region. In our calculations the maximum ground-state microscopic correction occurs at Z = 116 and N = 178, rather than at Z = 114 and N = 184 [7] . The regions of high fission barriers coincide with regions of large ground-state microscopic corrections which can exceed (in the negative direction) −6 MeV also for deformed nuclei outside the spherical superheavy region near Z = 114 and N = 184, namely in the deformed regions centered at 252 100 Fm 152 and 270 108 Hs 162 . Along the Fm isotope chain the barrier heights decrease rapidly with distance from N = 152, and the spontaneous fission half-lives show a similar rapid decrease, which is reproduced in numerous calculations, for example Refs. [28, [49] [50] [51] [52] [53] .
In Fig. 2 we display calculated barriers for 2113 nuclei for the lighter region in our study. There is less structure here compared to the heavier region in Fig. 1 . In this region, the macroscopic energy contributes significantly to the barrier height, leading to the use of a different energy scale in this figure. Therefore, the only easily discernible shell structure is due to the magic neutron number N = 126.
For a long time Z = 99 as been the upper limit for reasonably accurate experimental fission-barrier parameters [54] [55] [56] [57] . Only recently has a barrier height for a heavier system, 274 Hs, been determined [58] . However, spontaneous fission has been observed for many heavier systems. We can use these data to further benchmark our calculated barrier heights. In Fig. 4 we show in more detail a limited set of the data in Fig. 1 , namely nuclei from the actinide region up to Z = 120. We show as black dots those nuclei for which spontaneous fission has been observed with a half-life less than 30 days, taken from the compilation of Ref. [59] . The aim is to investigate what correlations we find between the calculated barrier heights and the observed fissioning nuclei. This is only to get an overview of the situation because we do not
• show that most nuclei in this plot have not been observed experimentally.
• account for the highly variable effect of specialization energies in odd-even and odd-odd nuclei on spontaneous fission half-lives; this effect can increase half-lives by a factor 10 1 to a factor 10 9 [49] .
• account for the branching ratios between α-decay and fission. For example a system may have a spontaneous fission half-life of, say, one second, but SF may still not be observed because the α-decay halflife is in the microsecond range.
Despite these limitations we see some interesting correlations that support the accuracy of the calculated barriers. SF is almost exclusively observed in the regions where the predicted barrier is between slightly below 5 MeV and 7 MeV, with only 4 exceptions out of 58 data points. So we conclude from these qualitative arguments that our barrier heights are consistent with the observed occurrences of SF in the heavy-element region.
In some calculations of fission barriers, it is assumed that the shell-plus-pairing corrections at the saddle are small and can be neglected, whereas the shell-pluspairing corrections at the ground states always have to be included. Refs. [47, 48, 60] are some examples of such studies. We test this assumption below. First, we illustrate some concepts by showing in Fig. 5 a few important quantities and definitions. The total potential energy at a specific shape E pot is the liquid-drop-model energy at this specific shape plus, for the same shape, the shell-plus-pairing correction E s+p (which is negative at the ground state in the case here). To obtain manageable numbers we give all energies relative to the spherical liquid-drop energy, including the liquid-drop energy itself. Therefore at a specific deformation β (which is a shorthand for any number of deformation parameters, by definition zero for a sphere)
The nuclear mass at the ground state is, in our treatment, the sum of E pot at the ground-state minimum and a zero-point energy [33] . Again, this is relative to the spherical liquid-drop mass (or energy) and is often designated "microscopic correction" E mic . The "unnormalized" nuclear mass is therefore the spherical liquid-drop mass plus the microscopic correction. It is thus relative to the potential-energy at the ground state plus the zero-point energy that we define the barrier height. By accident the macroscopic barrier B ld is, in this example, almost the same as B f , but generally this is not the case. For 208 Pb the difference would be more than 10 MeV due to the large, negative E s+p at the spherical ground-state shape.
We show in Fig. 6 the differences between our saddlepoint energies in the macroscopic-microscopic FRLDM model and the saddle-point energies from our macroscopic FRLDM model, both determined in the same fivedimensional space; of course, the shapes of the saddle points in the two models are different. The difference is, as postulated, fairly small across large regions of the plot. The rms deviation is 2.25 MeV and the mean deviation Calculated Energy Window for Neutron-Induced Fission [7] for neutron-induced fission. The black dots indicate even-N nuclei for which 1.0 MeV < S1n < 2.0 MeV, the so-called r-process boulevard, the region of the chart where the r-process proceeds. If the plotted quantity is negative, the system is unstable with respect to thermal neutron-induced fission. The magenta arrows indicate prompt neutron-capture chains in nuclear weapons tests, see text for further discussion of this and the single outlying dot at Z = 124.
(with sign) is −0.78 MeV. In the region of large negative deviations, we find the maximum deviation of −8. 45 MeV for 171 60 Nd 111 . Why does this large deviation occur here? We calculate the shell-plus-pairing corrections at the saddle-point shape and find it is −8.94 MeV. This saddle-point shape is shown in Fig. 7 . It is symmetric and the nascent fragments are spherical. The fragments are near doubly-magic 78 28 Ni 50 , which in its ground-state has a shell+pairing correction of −5.89 MeV. (As shown in Fig. 5 , the microscopic correction tabulated in Ref. [7] is different from this number.) Twice this number makes −11.78 MeV. The shell-plus-pairing correction we obtain at the saddle point is close, but slightly smaller for a number of reasons, mainly the shape is not two well-separated Ni nuclei, and the matter in the nascent fragments corresponds to Z = 26 and N = 48, if the partial spheres are completed to full spheres; the rest of the matter is outside these completed spheres in the neck region. So we now understand why the macroscopic approximation to the saddle energy is of poor accuracy in this particular region. The fragment shell effects dig a deep valley into the potential energy of the compound system in the neighborhood of the saddle point and lower the potential energy by a substantial amount. One may then ask why this does not happen in the actinide region; why does not the shell effect in the doubly-magic Nd 111 the saddle shape is very close to the configuration of separated fragments so the fragment shell effects are almost fully present at the saddle point, while for actinides, while these effects may be present, they are not able to be as fully manifested. Also, when the saddle shape is asymmetric, the macroscopic energy is considerably higher than at the macroscopic, mass-symmetric saddle shape, so this increase in the macroscopic energy cancels a considerable fraction of the "fragment" shell effect. When the saddle shape is symmetric, as is the case for 171 60 Nd 111 this does not occur so the fragment shell effects are more visible at a symmetric saddle than at asymmetric saddle shapes.
When the barrier is very low seemingly "pathological" results can be obtained. For example we find for 298 108 Hs 190 that the plotted difference is 7.90 MeV, a very local, surprising, and large deviation. The macroscopic saddle energy is 0.32 MeV and the saddle energy obtained from the macroscopic-microscopic model is 8.22 MeV. To understand these seemingly incompatible results we show in Fig. 8 the calculated potential-energy surface for 298 108 Hs 190 , as a function of elongation ǫ 2 and axial asymmetry γ. The details of the calculation and the coordinates are discussed in Ref. [1] . We showed there that for heavy elements one cannot routinely choose as the ground state the lowest minimum in the potentialenergy surface because such a minimum may have a very low barrier with respect to fission. Instead one should choose as the ground state the minimum with the highest barrier with respect to fission, which should have the longest half-life. In this case we identify the minimum at ǫ 2 = 0.65 and γ = 60 with the ground state and the nearby saddle point indicated by crossed lines, with an energy near 8.2 MeV as the "macroscopic-microscopic" saddle point. Thus we seem to get a very large failure of the method to use the macroscopic saddle-point energy instead of the "exact" saddle-point energy. However, a very small perturbation of the calculated energies could result in, say the minimum at ǫ 2 = 0.375 and γ = 15 to be identified as the most stable minimum, and the nearby saddle at about 0.8 MeV energy to be the macroscopicmicroscopic saddle-point energy, now in good agreement with the macroscopic saddle energy. We can summarize these studies as follows 1. When discussing the macroscopic approximation to the saddle energy, it is not meaningful to consider nuclei with fission barriers that are so low they would be too unstable to exist. Fig. 1 shows that most nuclei slightly above N = 184 fall in this category, with some interesting exceptions for low Z and large N . 3. For systems with Z < 80 the macroscopic approximation to the saddle potential energy becomes increasingly inaccurate as Z becomes lower.
4. Although the macroscopic saddle energy in some regions is a good approximation to the saddle energy obtained in the macroscopic-microscopic model, the shapes associated with the saddle points are very poor approximations to shapes obtained in realistic models. To model fission properties such as low-energy fission-fragment mass distributions, potential-energy surfaces of at least five dimensions calculated either in a macroscopicmicroscopic model or some other model with realistic microscopic shell structure are necessary [37] [38] [39] .
We desire to investigate the accuracy of the calculated barrier heights for neutron-rich nuclei with the aim of understanding their suitability for use in studies such as fission at the end of the r-process. Unfortunately, there are no large-scale systematic experimental studies of fission properties for large regions of nuclei on the neutronrich side of β stability. However, some indirect results are available. The r-process can be approximately simulated in certain nuclear explosions through a process called "prompt neutron capture". It is called prompt because the timescale of the neutron fluence is nanoseconds rather than the seconds time scale of the r-process, so the processes are not fully equivalent; no β-decay can occur during the prompt capture due to its short timescale. For a comprehensive discussion of these experiments see Ref. [61] . Because no β-decay takes place during neutron capture the process, with some qualifications [61] , proceeds along an isotope chain, successively producing increasingly neutron-rich isotopes of a specific element. One necessary condition for the capture sequence to proceed is that the fission barrier be higher than the neutron-separation energy in the compound system following neutron capture. We investigate if our calculations are consistent with experimental observations as regards this necessary condition. In Fig. 9 we show the difference between calculated barrier heights and calculated neutron-separation energies for even systems. Odd compound systems have a (slightly) higher fission barrier and lower neutron-separation energies so they are irrelevant for locating the termination of the capture sequence. Also shown, with magenta arrows, are the "observed" range of neutron-capture chains on the targets 92 U 165 in the debris from the explosion, as it has a calculated β-decay half-life of about 0.5 s [62] , too short to allow recovery. Rather, one observes higher-Z, less neutron-rich elements at the endpoint of β-decay chains from the original isotopes in the capture chain. The termination point of the neutron-capture chain is deduced from the highest A-value observed in these groups of nuclei.
From Fig. 9 we see that the observed capture chains for the 238 92 U 146 and 242 94 Pu 148 targets terminate exactly where the plotted function goes below zero, that is, where the fission-barrier height becomes lower than the neutron separation energy, which would result in termination of the capture sequence by fission. Therefore, the calculated results are consistent with these observations. The capture chain on the 232 90 Th 142 target terminates before zero is reached, but it is argued [61] that this is because the capture cross sections in this chain are very low. So both our calculated barrier heights and neutron separation energies are consistent with this set of experimental data.
There also could be other mechanisms that cause no nuclei heavier than A = 257 to be observed. Nuclei near proton number Z = 100 and neutron number N = 164 have unusually short half-lives, see [63, 64] for a review and references to original work. The proposed mechanisms for these short half-lives are two-fold: 1) a very thin barrier due to "erosion" of the outer barrier due to the large shell effects associated with two near-doublymagic fragments in the vicinity of 132 50 Sn 82 and 2) effects from the large shell gaps on the mass parameter associated with fission. Both these principles were discussed very early in Ref. [65] and later somewhat more quantitatively in Refs. [6, 28, 66] . Not much data is available for nuclei in this region but we know for Fm there is a sudden drop in half-life 6 nucleons (in this case only neutrons) away from 264 100 Fm 164 when we approach this nucleus which corresponds to doubly-magic configurations in both daughter fission fragments in symmetric fission. Since fragment ground-state microscopic corrections near 132 50 Sn 82 decrease in a similar fashion with proton and neutron number variation we may as a rule of thumb anticipate that very short fission half-lives occur at
Thus even if the actual barriers are higher than the values obtained in our calculations and the capture chain proceeds all the way to A = 270 there would be no β-stable products following decay towards stability because the β-decay chains would terminate in fission before relatively stable elements are reached. Pu 166 has a calculated β-decay half-life of 0.8 s [62] , too short to recover this hypothetical isotope.
In Fig. 9 we have marked even-N nuclides with 1 MeV < S 1n < 2 MeV with black dots, defining what is referred to as the r-process boulevard. Along the boulevard the neutron-separation energy is lower than the barrier (although closer to stability this is not the case), so according to the results here the r-process can proceed to the heaviest region along this boulevard. However during β-decay back to stability the decay paths will enter regions with very low barriers so some of the nuclides here will have spontaneous fission half-lives in the microsecond range or lower.
We note that the isolated black dot, indicating that the nuclide at Z = 124 and N = 198 satisfies the condition which defines the "r-process boulevard," is caused by the phenomenon of highly varying deformations of the ground states in neighboring highly unstable isotopes, due to effects similar to those discussed in reference to Fig. 8 .
When the β-decay Q β value is higher than the fission barrier in the daughter, which is the case across a large region of neutron-rich heavy nuclei, β-delayed fission can occur, sometimes with a high probability. This is illustrated in Fig. 10 . The ratio between the barrier height and Q β is shown in the top panel. Only nuclides for which B f − Q β < 2 MeV are shown, because for decays to energies more than 2 MeV below the barrier peak the delayed fission branch is negligible. Spontaneous fission from the ground state may still occur with a high probability. Smaller ratios correspond to higher probability of delayed fission. As a complementary view we present in the lower panel the magnitude of the energy window for β-delayed fission. However the branching ratio for β-delayed fission is not directly related to the magnitude of this window. For example in a decay with a barrier height of, say, B f = 2 MeV and Q β = 6 MeV the branching ration for delayed fission would normally be much larger than if B f = 6 MeV and Q β = 10 MeV although the energy window for delayed fission is 4 MeV in both of these situations.
In summary, we have benchmarked, both previously and in this work, our potential-energy-surface calculations and associated predicted nuclear properties with respect to
• barrier heights from • EC-delayed fission data [1, 45, 46] ,
• spontaneous-fission properties in the heavy-element region,
• fission-fragment charge-yield data for 70 nuclides [39] ,
• some prompt neutron-capture data obtained in weapons tests.
These studies have been consistently encouraging and represent quite diverse tests, which show that the calculated potential-energy surfaces give a realistic description of available experimental data, including in regions of the nuclear chart far removed from regions considered in determining the parameters of the model. It therefore seems to be very timely to incorporate this calculated fission-barrier-height data base in studies of fission in the r-process. Such studies would require a sophisticated network that should include pathways and branching ratios for neutron capture, neutron-induced fission, β-decay, β-delayed fission, and spontaneous fission. In the fission branches, ideally the fission-fragment yields should also be included. 
